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Abstract
The Fibonacci cube represents a new topology for the interconnection of multicomputers. It is
a bipartite graph which can be embedded in the Boolean cube. We prove that it is a particular
semilattice and determine its structural properties such as the partite sets, the radius, the center,
the independence number of vertices. Furthermore, we obtain enumerative properties as a new
formula for the Fibonacci numbers.
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1. Introduction
The Fibonacci cube was presented in [3] as a new interconnection topology for mul-
ticomputers. It is a bipartite graph which can be embedded as subgraph in the Boolean
cube and which has interesting topological and enumerative properties involving the
Fibonacci numbers.
Recall that the Fibonacci numbers form a sequence of positive integers Fn, where
F0 = 1; F1 = 2 and every other integer satis;es the recurrence Fn+2 =Fn+1 + Fn.
It is known that any natural number can be uniquely represented as a sum of Fi-
bonacci numbers (Zeckendorf’s Theorem). Assume that i is a positive integer such
that i6Fn−1 − 1. Let F(i) := [bn−1; : : : ; b1; b0] denote the order-n Fibonacci string of i,
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where
i=
n−1∑
j=0
bjFj
and bj is either 0 or 1, for 06j6n − 1, with the condition bjbj+1 =0. For example,
i=7, where 7=F4 − 1, can be expressed as the Fibonacci string 1010.
Let 	 denote the string obtained by concatenating strings  and 	. More generally,
if S is a set of strings then S = {	: 	∈ S}. In a string 1121 · · · 1r , where the i
are sequences of zeros, the strings i are called maximal.
Let Cn be the set of order-n Fibonacci strings, that is the set of binary strings without
two consecutive ones. Clearly, we have Cn+2 =0Cn+1 ∪ 10Cn and |Cn|=Fn, for every
n∈N.
Recall that the Hamming distance between two binary strings  and 	 is the number
H (; 	) of bits where  and 	 diJer.
Denition 1. The Fibonacci cube n of order n is the graph (V; E), where V = {0; 1; : : : ;
Fn − 1} and (i; j)∈E if and only if H (F(i); F(j))= 1.
In [3,4] it was proved that n+2 can be decomposed into n+1 and n; the two sub-
graphs are disjoint and are connected exactly by Fn edges. There follow the Fibonacci
cubes for the ;rst values of n:
In this paper, we present a new way of presenting the Fibonacci cubes, and we obtain
some new structural properties such as the partite sets, the independence number, the
radius and the center of n.
We also obtain some enumerative properties which imply a new formula
for the Fibonacci numbers and an explicit value for the independence number of n.
It seems that the knowledge about such properties can be useful for implementing
eLciently fault-tolerant applications. The determination of the center of n can be useful
for the single node broadcast operation as well as the single node accumulation. From
the vertices of the center the send=receive operations can be done in at most n=2	
steps, which result minimal. For a similar reason it seems useful the knowledge of the
set with the maximum number of independent vertices.
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2. Structural properties
2.1. Fibonacci semilattices
Let Cn be the set of binary strings of length n without two consecutive ones. We can
de;ne an order relation on Cn by setting, for every = [a1; : : : ; an] and 	= [b1; : : : ; bn]
in Cn,
6	 ⇔ ai6bi; i=1; 2; : : : ; n:
The poset Fn := 〈Cn;6〉 is a meet-semilattice, i.e. is closed under inf, where  ∧
	= [min(a1; b1); : : : ;min(an; bn)] and 0ˆ= 00 · · · 0. If there exists ∨ 	, then ∨ 	=
[max(a1; b1); : : : ;max(an; bn)].
It is clear that for a string 	 with k ones there are exactly k atoms 1; : : : ; k such
that 	= 1 ∨ · · · ∨ k . So Fn is an atomic semilattice.
Let Vk be the set of strings having k ones. The maximum number of ones in a string
of Cn is n=2	; such a string is obtained by concatenating the string 10 the maximum
possible number of times and ending with 1 when n is odd. So we have Vk = ∅ for
every k¿n=2	.
In the Hasse diagram of Fn two strings are connected by an edge if and only if
one covers the other one, that is their Hamming distance is 1. So the graph given by
the Hasse diagram of Fn is isomorphic to n. For instance, for n=3; 4 we have the
diagrams
It is easy to see that never are adjacent two strings having the same parity of numbers
of ones. It implies that the sets En; On of the strings having an even or odd number of
ones, respectively, are the bipartite sets of n.
First we note that the permutation of the vertices of n, given by replacing every
string  with that one obtained by reversing the order of the elements of , is clearly
an involution. A consequence is that the decomposition of n+2 into n+1 and n is not
unique. An example is given by 4 =3+ˆ2 where 3 and 2 are given by the vertices
whose ;rst bit is 0 or 1, respectively. On the other hand 3 and 2 can also be given
by the vertices having last bit 0 or 1, respectively.
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2.2. Some structural properties of the Fibonacci cubes
Recall [1] that the eccentricity of a vertex v of a connected graph G is the number
e(v) := max
u∈V (G)
d(u; v):
The radius of G is then the number de;ned by
rad(G) := min
v∈V (G)
e(v):
A vertex v is a central vertex if e(v)= rad(G). The center Z(G) is the set of all
central vertices of G.
Proposition 1. rad(n)= n=2	.
Proof. First we note that e(0ˆ)= n=2	. A vertex of maximal distance from 0ˆ is the
one having maximum number of ones, obtained by concatenating the string 10 the
maximum number of times and ending with 1 when n is odd.
Now let v be a string having k¿0 ones. We prove that e(v)¿n=2	. A string v∗
having maximal distance from v can be obtained by changing the zeros with the ones
in v and by deleting the minimum number of ones so to get a Fibonacci string.
If h is a maximal sequence of zeros in v, then in v∗ we can assume there are h=2	
ones. Then the distance d(v; v∗)= k +
∑h=2	, where the sum is extended to all the
maximal sequences of consecutive zeros in v. Since
∑⌈h
2
⌉
¿
⌈∑ h
2
⌉
=
⌈
n− k
2
⌉
;
we obtain
d(v; v∗)¿k +
⌈
n− k
2
⌉
¿
⌈n
2
⌉
:
Let Un be the set of strings of length n having only one 1 and the maximal sequences
of zeros of even length. For instance, 00100∈U5 but 01000 =∈U5.
Proposition 2. For every n∈N, the center of n is given by
Z(n)=
{ {0ˆ} for n even;
{0ˆ}∪Un for n odd :
Proof. From the proof of Proposition 1, 0ˆ∈Z(G). Let v be a central vertex having k
ones. Denote by h1 the length of the sequence of zeros before the ;rst 1, h2 the similar
length between the ;rst two ones, and so on until hk+1. Let v∗ be a string as in the
proof of the previous proposition. Then every maximal sequence of zeros of length hi
E. Munarini, N.Z. Salvi / Discrete Mathematics 255 (2002) 317–324 321
in v corresponds in v∗ to a string with hi=2	 ones. Then d(v; v∗)= k +
∑hi=2	. We
have to distinguish two cases.
(i) Every hi is even. Then hi=2	= hi=2 and
d(v; v∗)= k +
∑ hi
2
= k +
n− k
2
=
n+ k
2
:
This value coincides with n=2	 only for k =1 and n odd.
(ii) There exists at least one hi odd. Then
d(v; v∗)¿k +
1
2
(∑
hi + 1
)
= k +
n− k + 1
2
=
n+ k + 1
2
:
This value is not equal to n=2	 for whatever value of k and n.
We call a vertex of n symmetric when it corresponds to a symmetric string.
Proposition 3. The number of symmetric strings in n is Fn=2−(−1)n for every n¿2.
Proof. If n=2m + 2, then a symmetric Fibonacci string  of length n has the form
00 N, where  is an arbitrary Fibonacci string of length m and N is the string obtained
by reversing . So there are exactly Fm such strings.
If n=2m+ 3, then a symmetric Fibonacci string  of length n has either the form
0 N, where  is an arbitrary Fibonacci string of length m+1, or the form 010 N, where
 is an arbitrary Fibonacci string of length m. So there are exactly Fm + Fm+1 =Fm+2
such strings.
These observations immediately yield the thesis.
Let en and on be the cardinalities of the sets En and On, respectively.
Recall that the independence number 	(G) of a graph G is the maximum cardinality
among all those of independent sets of vertices of G.
Theorem 1. 	(n)= max(en; on).
Proof. Without loss of generality, we can assume en¿on. We prove that en is the
maximum number of independent vertices of n.
To the contrary, there exists a subset A of En which can be replaced by a subset
B of On, such that |B|¿|A| and the vertices of B and En\A are independent. This
implies that the vertices of B are adjacent only to vertices of A. In [3] it is proved
that n contains always a cycle C which contains either all the vertices of n or all
the vertices but one. We note that, since n is bipartite, in C alternate vertices of
En and On. Let Cbe an Hamiltonian cycle and v1; v2; : : : ; vs the vertices of B in the
order given by C. Let us denote with w1; w2; : : : ; ws the vertices of A which precede
the vertices vi and ws+1 the vertex which follows vs in C. The vertices wj have to be
distinct: then |A|¿|B|, contradicting the assumption. In the case when C contains all
but one vertex, we can assume that C contains only s− 1 vertices of B. By the above
argument, A contains at least s vertices; hence |A|¿|B|, a contradiction.
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3. Enumerative properties
In [2,5] are proved many enumerative properties of the Fibonacci numbers. One of
these is the identity
|Vn|=
∑
k¿0
(
n− k + 1
k
)
:
So
en=
∑
k¿0
(
n− 2k + 1
2k
)
; on=
∑
k¿0
(
n− 2k
2k + 1
)
:
Proposition 4. The numbers en and on satisfy the following system of recurrence
relations:
en+2 = en+1 + on;
on+2 = on+1 + en (1)
with the initial conditions
e0 = 1; e1 = 1; o0 = 0; o1 = 1:
Proof. We know that the subsemilattice of Fn+2 corresponding to all the strings whose
;rst bit is 0 is isomorphic to Fn+1, while it is isomorphic to Fn when the ;rst bit is
1. In such a decomposition the string 10 · · · 0 is the minimum for the subsemilattice
isomorphic to Fn, so that their elements have opposite parity when regarded as elements
of Fn+2 and the result follows.
The ;rst equation of system (1) implies the following identity:
∑
k¿0
(
n− 2k + 1
2k
)
=
∑
k¿0
(
n− 2k
2k
)
+
∑
k¿0
(
n− 2k − 2
2k + 1
)
:
Because of Theorem 1, it is interesting to decide which of the two numbers en and
on is the greater one. Let hn be their diJerence, namely hn= en − on. From (1) we
have
hn+2 = en+1 − on+1 − (en − on)
or
hn+2 = hn+1 − hn:
The ;rst values of these sequences are
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n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
en 1 1 1 2 4 7 11 17 27 44 72 117 189 305 493 798 1292
on 0 1 2 3 4 6 10 17 28 45 72 116 188 305 494 799 1292
hn 1 0 −1 −1 0 1 1 0 −1 −1 0 1 1 0 −1 −1 0
It is easy to see that
hn+3 =−hn
and that
H (x)=
∑
n¿0
hn xn=
1− x
1− x + x2 :
From system (1) we obtain the equations
en+2 = en+1 + en − hn;
on+2 = on+1 + on + hn
and the generating functions
∑
n¿0
enxn=
1− x + x4
(1− x + x2)(1− x − x2) ;
∑
n¿0
onxn=
x
(1− x + x2)(1− x − x2) :
Finally, from the relation
en + on=Fn;
en − on= hn:
we get
en=
Fn + hn
2
; on=
Fn − hn
2
or
Fn=2
∑
k¿0
(
n− 2k + 1
2k
)
− hn=2
∑
k¿0
(
n− 2k
2k + 1
)
+ hn;
a new formula for the Fibonacci numbers.
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